ABSTRACT. Theorem 1 of the paper proves a conjecture of J. Rosenblatt on nonuniqueness of invariant means for the action of a solvable group G on an infinite set X. The same methods used in this proof yield even a more general result: Nonuniqueness still holds if G is an amenable group containing a solvable subgroup H such that card(G/H) < caid(H).
THE ACTION OF A SOLVABLE GROUP ON AN INFINITE SET NEVER HAS A UNIQUE INVARIANT MEAN STEFAN KRASA
ABSTRACT. Theorem 1 of the paper proves a conjecture of J. Rosenblatt on nonuniqueness of invariant means for the action of a solvable group G on an infinite set X. The same methods used in this proof yield even a more general result: Nonuniqueness still holds if G is an amenable group containing a solvable subgroup H such that card(G/H) < caid(H).
1. Introduction. Theorem 1 shows that for the action of a solvable group G on an infinite set X there can never exist a unique G-invariant mean on l°°(X), where l°°(X) denotes the space of all bounded real valued functions on X. A mean m on l°°(X) is a positive linear functional on Z°°(X) with m(lx) = 1, ra is called a "G-invariant mean" if m(gf) = m(f) for every / G l°°(X) and for every g G G, where gf(x) = f(g~1(x)). Theorem 2 is a generalization of Theorem 1 and proves nonuniqueness for the action of an amenable group G on X, where G contains a solvable subgroup 77 such that card(G/77) < card(X).
This paper is largely inspired by [4] . Proposition 6 of [4] shows that if G is nilpotent, then there will always exist more than one G-invariant mean on l°°(X). Additionally it is stated in the same paper [4, p. 531] : "It seems to us very unlikely that Proposition 6 is false if G is solvable, but the same proof does not work". Nonuniqueness need not hold for the general amenable group action as Yang [6] recently showed. This solves a conjecture which is known as "Rosenblatt's problem" in the mathematical literature [5, p. 628] . The proof uses the continuum hypothesis. In Theorem 1 and Theorem 2 even more than nonuniqueness is proved: There exist two disjoint subsets Yi, Y2 of X such that HiLi ÇiYk ^ 0 for k = 1,2 and for every finite subset {gi,... ,gn} of G. If G does not act transitively on X, then there always exist many G-invariant means. The methods used in [4] show nonuniqueness if card(G) < card(AT). Obviously there exist examples of solvable groups G such that card(G) > card(A) and such that G acts transitively on X. Example 3 of [6] even gives an example of a nilpotent group with this property. EXAMPLE 1. We put X = ®~! Zi where Z{ = Z for every i G N. For A C N we define it a as follows. If x = (n¿)i€N let ka(X) = (m,),eN where m¿ = n¿ if i £ A and m¿ = -ni if i G A. For a G X set ra(x) = a + x where addition is defined coordinatewise.
Let G be the group generated by ra for all a G AT and by tta for every A C N, then G is solvable and card(G) > card(A).
In the proof, we use the following notations: Per(A) will denote the group of all invertible functions from X onto X. For g G Per(X) and Y C X we put gY = {g(y) :y€Y}.
For G C Per(X) we put 0C = {Cx : x G X} to be the set of all G-orbits in X. For F C Per(A), and F c A, we put FY = {fY : f G F}. For
A, B C Per(A), AB denotes the complex product. C will always denote the set of all cardinals c such that c < card(A).
2. Proof of the nonuniqueness of the mean. It is the essential problem of the following proof that we have to consider group actions where card(G) > card(A).
The rough idea is to split up the action of G into the action of a finite nested sequence of subsets Pi of Per (A) on P¿-orbits Ai such that card(P¿) < card(Ai). Then we use the transfinite induction argument of Rosenblatt and Talagrand [4] . Unfortunately, if card(A) is an uncountable limit cardinal, some problems arise. In this case, we have to choose a family of F¿-orbits Am : m G M with increasing cardinality where the index set M is an infinite subset of C with supremum card(A) such that card(,4m) = m for every m G M. To each orbit Am there will correspond a subset Qm of Per (A) such that card(<3m) < card(ylm). For each Am and Qm we shall use the transfinite induction argument of [4] . Finally we make a transfinite induction on M to get the desired result. This does not work for an arbitrary M. However, if M is a discrete subset of C, where C is endowed with the order topology, the argument can be done. It is proved in Lemma 2 that there always exists a discrete subset M of C, which is still large enough for our purposes.
Before starting with the proof of Lemma 1, we state the following two well-known equalities for cardinals, we are going to use throughout the proof (cf. [1, p. 128]):
(i) N,™ = NQ for every ordinal a and for every n G N.
(ii) Na + N/? = N.Q • N/3 = Nmax(a,0) f°r all ordinals a, ß. We also use standard results about amenable groups (cf. [2] ). Throughout we assume that C is endowed with the order topology. We start with a technical lemma. We now give a definition, which we shall explain below.
DEFINITION 2. Let G be a subgroup of Per (A) and let G¿ : i G {1,... ,n}, 7) and E be subsets of Per(A). For every i G {1,... ,n} we put Pi = CiCi+i ■ ■ ■ CnDE. Definition 2 introduces the groups for which we shall prove the nonuniqueness of the mean. Property (i) says that the group action is fully described by the family of subsets of Per(A), (ii) and (iii) guarantee that we have properly shaped orbits, (iv) is the cardinality property which is necessary for the transfinite induction argument. The sets D and E as well as property (v) will be used for the first time in the proof of Theorem 1, when we show that every solvable group admits a splitting where D -E = {e}. They are just defined in that way to keep the proof of Theorem 1 short. PROOF. We reformulate Lemma 2 such that an induction argument can be applied. Claim 1. Let (C, : i G {1,... ,n}, {e}, {e}) and G be as above and let t G {1,...,n}; then there exists a j < t and a net of P,-orbits Am: m G M such that either j < t and (i) (iv) of Lemma 2 hold or j = t and (i) (iii) of Lemma 2 hold.
We prove Claim 1 by induction on í: For í = 1 there is nothing to prove. We assume therefore that Claim 1 holds for t < n and give the proof for t + 1.
Let A-m : m G M be the net of P}-orbits. We can assume that j = t, otherwise we would have the proof for t+1. The essential idea of the following is the construction of a net of Pt+i-orbits Bn : n G N(m) in each Am such that card(Pn) = n for every n G N(m) and such that card([JneA,(m) Bn) = m. Lemma l(i) and (ii) then complete the proof. The sets Bn: n G N(m) however can only be constructed if Claim 2 from below holds. Claim 3 proves that we can assume without loss of generality that Claim 2 holds. because S = B1 U B2 either S1 or B2 has card(P) as supremum in C. Lemma l(i) and (ii) applied to that B1 yields the existence of a net An: n G N such that (i) and (ii) of Claim 3 hold for B. This, however, implies Claim 3.
For k -1 Claim 3 implies that we can assume for the proof of Claim 1 that
Claim 2 holds: The net An : n G N fulfils (i)-(iii) of Lemma 2 and also (iv) of
Lemma 2 if A C M2 which would conclude the proof of Claim 1. Therefore we can assume that N C M1 which means that Claim 2 holds.
We now fix a m G M. Claim 2 and Lemma l(i) imply the existence of a net of Pi+i-orbits Bn-n G N(m) such that Bn c Am and card(Pn) = n for every n G N(m) and such that N(m) is a discrete subset of C with supremum m. Lemnia 1 (ii) now implies the existence of a net Bn : n G N of Pt+i-orbits such that (i)-(iii) of Lemma 2 hold. This proves Claim 1. For t = n Claim 1 implies Lemma 2.
We are now able to show the nonuniqueness of the mean for amenable groups which have a splitting where D = E -{e} by proving the existence of two disjoint subsets Ai, A2 such that f\"=1 giA^ ^ 0 for k = 1,2 and for every finite subset {9i, ■ ■ ■, 9n} of G. Claim 4 contains the transfinite induction argument of [4] . It is the proof of the induction step of Claim 5. The proof of Claim 5 is the transfinite induction on M which together with Claim 6 yields the complete result.
LEMMA 3. Let G be an amenable subgroup of Per(X) and let (d : i G {1,..., n}, {e}, {e}) be a splitting of G. IfX is an infinite set then there exist many G-invariant means on l°°(X).
PROOF. We can assume that G acts transitively on A otherwise if Yi and Y2 are two different G-orbits then there exist two G-invariant means mi and m2 on Io0(X) such that m(ln) = 1 for k = 1,2 (cf. [2, pp. 16, 17] or [3, Lemma 1] ) which implies that mi ^ m2.
We can therefore take the net Am := m G M of Lemma 2. We are now going to construct to each Am a suitable subset Qm of Per(A) such that card(Qm) < card(Am) which implies that for each m G M the transfinite induction argument can be applied and such that a subsequent induction on M yields the complete result.
We Let Bk be the collection of all Pfc-orbits which contain at least one Am; then B1 -{X} because G acts transitively. Let Hx be A-complete with respect to Gi. For every B G B2 we now choose a subset Hx of Hx such that card(77^) < card(P), such that 77f ' C 77^2 if card(Pi) < card(P2), and such that Ub€B=> Hx = HxWe can do that because of (iii) of Lemma 2. Let Hß be a P-complete subset of C2. We put 77x,b = H §HB; then card(77x,s) < card(P). For B G B2 let BB = {B' G B3 : B' C B}. Now we choose for every B' G B% a subset 77^'B such that card(7i£B) < card(5')> such that H^b c hx!b if card(Si) < card(P^), and such that Ub'€B3 ^x,b = Bx,b and put Hx,b,b' = BxbUb< where 77ß' is P'-complete with respect to G3. We continue this construction until we reach the Pj-orbits Am. We put Qm = Hx,B2,B3,...,Bi-l,Am-Then card(Qm) < m.
If card(A) = No the construction is much easier. Instead of considering the net Am : m G M of Lemma 2, we choose a P,-orbit B where B is countable and where j is the largest index such that a countable orbit exists. We then put A#0 = B and choose Am: m G {No} as net of P,-orbits. Finally we choose for Qx0 a subset of Per (A) which is A#0 -complete with respect to GiG2 • ■ • Cj.
Claim 4. Let m G M and W C X such that card(W) < m. Let Fm -{F C Qm : F finite} and let Fa : a < 6m be an enumeration of Fm where 6m is the least ordinal such that card(6m) = card(Qm) < m. Then there exists a net of P, + i-orbits Pk : a < Sm, k -1,2, which are contained in Am such that all sets FaPk : a < <5m, k = 1,2, together with W are pairwise disjoint. We prove this with transfinite induction. Let ß < 6m and assume that we have constructed such a net for every a < ß. We now construct P,+i -orbits Pg and P2. Let V = W U \ja<0FaPla U \Ja<0 FaP2. Then if card(A) -N0, we get card((JQ</3 PqP*) < N0 for k = 1,2; and if card(A) > N0, there exists (because of (iv) of Lemma 2) a cardinal c such that card(P*) < c < m for every a < ß and for k = 1,2, consequently we get card(\Ja<0 FaPk) < max(c,card(/?)) < m for k = 1,2. Therefore we get in both cases card(V) < m. Let Fp = {qi,... ,qr}, then card((J[=1 q~1V) < m. If card(A) = No, A obviously has to contain N0-many Pj+i-orbits, if card(A) > N0 property (iv) of Lemma 2 implies the existence of m-many PJ + i-orbits in Am-In both cases there therefore has to exist a PJ+i-orbit Pß, such that Pß C Am -U¿=i Q,~XV which implies that Pj c Am and that FßPß, W together with all sets FaPk: a < ß, k -1,2, are pairwise disjoint. We now put V -V U FßPß and repeat the construction from above to get a Pj+i-orbit Pß.
This proves Claim 4. and U¿=i 9¿Zfc C Y* for fc = 1,2.
We prove Claim 5 by induction on M. Let mo be the least cardinal of M. Let W = 0 and m = mo-Then Claim 4 implies Claim 5 for m = mo if we put Fic(mo) = UQ<,5m FaPk for k = 1,2. We now assume that Claim 5 holds for every n < m; n,m G M. That means for every n < m there exists a subset Yk(n) of A, card(Ffc(n)) < n such that Claim 5 holds for every finite subset of Qn1, where n' <n and that Yk(n) C Yk(n') for n < n' < m and for fc = 1,2. Let W = Un<m ^i(n) u U"<m ^(n); then card^) < m because card(Yfc(n)) < n for n G M, n < m and for k = 1,2 and because there exists a neighborhood V of m such that V C\ M -{m} due to the discreteness of M. We now use Claim 4 to conclude the proof of Claim 5. We continue this construction until we reach a P3;-orbit Am. Then there exists a subset {qi,... ,qr} of Qm such that ht(x) = qtbi(x) for every x G Am and for every i G {l,...,r}.
Let Z\, Z2
be Pj+i-orbits such that Zi,Z2 C Am and (Ji^iQi^k C Ffc for A; = 1,2, then QiZic = cí,iCí¡2-■ -CijZk for fc = 1,2 and i G {l,...,r}; and because of (iii) of Definition 2, we get biZk C Zfc. This together implies Claim 6.
Let Yi, Y2 be the disjoint subsets of Claim 5 and let {gi,..., gT} be an arbitrary finite subset of G. Then {grl,... ,gr1} C Pi and because of Claim 5 and Claim 6 there exist Xi,x2 G A such that Ui=i 9Ïl{xk) C Yk for k = 1,2. This however implies that n¿=i fftYt ^ 0 for fc = 1,2, which implies the existence of two Ginvariant means mi and m2 on Z°°(A) such that mk(lyk) = 1 for A; = 1,2 (cf. [3, Lemma 2]). As Yi and F2 are disjoint mi and m2 have to be two different G-invariant means. THEOREM 1. Let G be a solvable group which acts on the infinite set X; then there exist many G-invariant means on l°°(X). PROOF. It is well known that every solvable group is amenable (cf. [2] ). Because of Lemma 1 it now remains to prove that there exists a splitting (Ci : i G {l,...,n},{e},{e})ofG. such that Si(x) = h(x) for every x G DnAi}, then Hague Td{DuA) c HiH2.
H2 can be embedded into the group Ylt€I Si which is solvable with a commutator chain of length k < n. Hx is an abelian group which acts transitively on every set DnAi; therefore Example 2 implies that for every A G Oe there exists a set which is 7?"yl-complete with respect to 77i. We put G"'+i = Hi then (G¿: i G {1,..., n' + 1}, 772, E) is a splitting of G, as 7i2 has a commutator chain of length k < n there has to exist a splitting (G¿ : i G {1,..., n"}, {e}, E) of G which implies Claim 7.
Obviously ({e},G,{e}) is a splitting of G. Claim 7 implies the existence of a splitting (G,: i G {1,... ,n}, {e}, {e}) of G which yields because of Lemma 3 the nonuniqueness of the mean.
REMARK. We could simplify the proof of the result from above a lot, if we assume that card(A) is no limit cardinal, because then all the nets Am : m G M could be reduced to nets which contain only one element. Such an assumption, however, would not be justified as it is easy to construct examples where card(A) is a limit cardinal, G is solvable and card(G) > card(A) by similar methods as in Example 1.
We can even prove a slight generalization of Theorem 1. THEOREM 2. Let G be an amenable group which acts on the infinite set X. Let H be a solvable subgroup of G such that card(G/77) < card(A).
Then there exist many G-invariant means on l°°(X).
PROOF. Let G be a system of representatives for the cosets of G/77. Then (G, 77, {e}) is a splitting of G. Claim 7 and Lemma 3 imply the nonuniqueness.
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